Recent modeling and experimental work in additive manufacturing has suggested cross-sectional geometry may play a significant role in the local development of the solidification structure through its influence on the heat source path. This effect has been rationalized as the transition from a quasistatic point heat source regime to a regime dominated by the quasistatic motion of an equivalent line source. This work provides a simple analytical framework for determining the conditions under which a system transitions between these regimes. A transient semianalytical heat transfer model is used to examine a wide range of process conditions and material properties. A simple analytical expression is derived and shown to accurately predict the transition between solidification regimes over these conditions. The functional form of this expression is then used to help understand the importance of various material properties, process parameters, and geometric factors on the characteristics of the solidification conditions. This approach may be used as a simple guideline for optimizing process conditions in response to variations in cross-sectional geometry to produce more consistent microstructural distributions in additively manufactured components. https://doi.org/10.29391/2020.99.006 KEYWORDS • Additive Manufacturing • Solidification • Heat Transfer • Process Modeling FEBRUARY 2020 / WELDING JOURNAL 59-s WELDING RESEARCH WELDING JOURNAL / FEBRUARY 2020, VOL. 99 66-s ALEX PLOTKOWSKI (plotkowskiaj@ornl.gov) is with the Manu-
Introduction
Selection of appropriate process parameters and design of scan patterns for metal additive manufacturing (AM) is critical for producing defect-free components with a desired distribution of microstructure and properties. When applied appropriately, process manipulation in AM can enable production of geometries that are impossible to produce with conventional manufacturing techniques, and even allow for detailed control of the local microstructure development (Refs. [1] [2] [3] [4] . However, heat transfer effects in complex geometries can also result in unintended variations in microstructure and defect development. Frederick et al. recently showed changes from columnar to equiaxed grain morphologies in Rene N5 produced by electron beam melting (EBM) as a function of the scan line length (Ref. 5) . They hypothesized that changes in the melt pool behavior as a function of the scan pattern and geometry resulted in a dramatic localized change in the solidification conditions. Similarly, Plotkowski et al. (Ref. 6) observed dramatic shifts in grain size and crystallographic texture is laser powder bed fusion (LPBF) of high aspect ratio thin walls of Fe-Si that influenced their soft-magnetic properties. They found that these differences were correlated to a shift in the melt pool shape for very short scan lengths, resulting in slower solidification cooling rates and an increased grain size. In selective electron beam melting of Ti-6Al-4V, Juechter et al. (Ref. 7) found the microstructure and defect structure were dependent on the relative difference between the return time of the heat source between two neighboring raster segments and the characteristic thermal diffusion time over the scan length. Development of simple guidelines for the selection of appropriate process conditions as a function of geometry and material properties is, therefore, a critical challenge for reducing trial and error and improving uniformity in microstructure and properties.
One simple method of selecting process parameters is the use of process maps. These maps relate process or microstructural features to the heat source power and velocity helped guide parameter selection in both welding (Refs. 8, 9) and AM (Refs. [10] [11] [12] [13] . However, this two-dimensional representation of process space is limited when considering the increasing complexity of additive manufacturing. Inherent to this approach is an assumption that the melt pool achieves a quasistatic condition well defined by only these two process parameters and the material properties. Unfortunately, the thermal response to complex heat source paths in additive manufacturing may be highly transient, making it more difficult to easily estimate reasonable process conditions, particularly for complex geometric cross sections.
A variety of modeling techniques have been developed to predict the transient thermal response on the length scale of the melt pool, including extensions of computational fluid dynamics approaches for modeling Marangoni driven flows and latent heat evolution (Refs. 2, 14-16), and more sophisticated models for tracking the evolution of the liquid free surface (Refs. 17, 18) . However, these models are computationally expensive (often limited to only a few millimeters of melt track) and ill-suited for developing simple functional relationships to guide process parameter selection.
As an alternative to computationally expensive numerical models, several researchers have recently adopted transient semianalytical heat conduction models from the welding community (Refs. 19-21) to additive manufacturing (Refs. [22] [23] [24] . Although these models include a variety of assumptions (conduction only, no latent heat evolution, simplified boundary conditions), they are able to quickly calculate the transient thermal history as a response to complex heat source paths and over long length and time scales. The purpose of this work is to use one such model to delineate different heat conduction regimes as a function of material properties, process parameters, and cross-sectional geometry.
For long scan line lengths, heat conduction behavior during welding and additive manufacturing may be reasonably approximated using the quasistatic point source solution derived by Rosenthal (Refs. 25, 26) in which a moving reference frame is coincident with the axis of the heat source. In additive manufacturing, it is common to fill an arbitrary geometry using a raster pattern, alternating the heat source trajectory and incrementing by a hatch spacing for each subsequent pass. As the line length of this raster pattern becomes shorter, the quality of this quasistatic assumption deteriorates. Based on the aforementioned experimental observations (Refs. 5-7), it is hypothesized that under certain circumstances, once the line length becomes short enough, a new quasistatic regime is established that depends not on the lateral motion of a point heat source but the transverse motion of an equivalent line heat source in the direction of the hatch increments. This hypothesis is supported by similar observations of the thermal profiles resulting from weaving in conventional welding processes, which deviate from the Rosenthal point source model (Ref. 27) . In welding, this effect led to research by Grong and Christensen (Ref. 28) to mathematically describe these thermal distributions by approximating the weaving motion with a line heat source. The purpose of this work is to utilize a similar approach to develop a simple closed-form equation for estimating the conditions under which a transition occurs between these regimes under conditions relevant to additive manufacturing.
Mathematical Models Transient Analytical Model
The transient solution for a moving semiellipsoidal heat source was derived by Nguyen et al. (Ref. 20) . This equation is implemented here for additive manufacturing by considering a complex heat source path, similar to that described previously by Plotkowski et al. (Ref. 22) and Stump and Plotkowski (Ref. 29) . The temperature, T, at time t, may be expressed as the following:
where T 0 is the initial temperature, q abs is the heat source 
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power absorbed by the material,  is density, c is specific heat, t' is an integration variable, x, y, and z are spatial coordinates written relative to the moving heat source and are therefore time dependent, and a h , b h , and c h are the dimensions of the volumetric Gaussian heat source in the x, y, and z directions, respectively. While analytical, Equation 1 is not easily integrable due to the piece-wise nature of the beam path captured by the time dependence of the spatial coordinates. As a result, a numerical approach to performing the integration has been adopted. The details of the integration scheme and verification of this approach to modeling heat conduction is summarized in a previous study (Ref. 29 ).
Quasistatic Line Source Model
For a heat source traveling rapidly in alternating directions over a distance L, it may be expected that, under certain conditions, the linear motion of the heat source may be well approximated by the transverse motion of an equivalent line source of length L (as shown schematically in Fig. 1 ). The quasistatic solution for a line source with a constant velocity was described by Grong and Christensen (Ref. 28) in reference to approximating the heat transfer conditions related to weaving during welding. For a line source extending from x = -L/2 to L/2, the transient temperature response in the x-z plane at time t L after the line heat source passes is where x L , y L , and z L are coordinates measured relative to the midpoint of the line source. For the present situation, only the midpoint of the line source (x = 0) at the surface (z = 0) is of interest. Furthermore, the time can be expressed as an equivalent position in the y-direction using the velocity of the line source,
where v h is the effective velocity in the hatching direction and can be expressed relative to scan and geometric parameters and the linear beam velocity,
where v b is the linear velocity of the beam and h is the hatch spacing (see Fig. 1 ).
Using the above relationships, and setting the y-location to be some multiple of the hatch spacing, y L = nh, the temperature equation may be simplified as follows:
Substituting in Equation 3
The thermal diffusivity in the denominator inside the error function will tend to be comparatively small relative to the other values in the second term, meaning the error function may be well approximated as unity. The error function only becomes important for very large thermal diffusivities (e.g., commercial pure Al), or when the line length or beam velocity are very small. For most practical cases, Equation 6 can be reasonably simplified as follows:
Finally, Equation 7 may be nondimensionalized by using
(2)
T -T 0 = 2q abs h c 4 nLv b (7) the difference between the liquidus temperature, T L , and the preheat temperature as the characteristic temperature difference Equation 8 may be interpreted as the nondimensional temperature at a distance y = nh behind the path of the equivalent line source. For a raster pattern in which the linear beam velocity alternates directions, the symmetry of the path repeats every two hatches. Therefore, it might be expected that the solidification conditions may transition between a quasistatic point source regime and a quasistatic line source regime when  n = 2 = 1. That is, as the temperature two hatch distances behind the transverse motion of the equivalent line source begins to exceed the liquidus temperature of the alloy.
Test Case
A simple test case was designed to probe the transition in heat conduction regimes from a point heat source to an equivalent line source. A simple raster pattern was designed to fill a rectangular cross section of width L and 10 mm in height, moving from bottom to top. The solidification conditions within a subregion of this cross section were evaluated. The subregion was 0.5 mm wide and 2 mm in height, centered at L/2 and with the bottom of the region located 4 mm from the beginning of the scan pattern - Fig. 1 . The purpose of sampling from the subregion only is to limit the results to a region expected to exhibit quasistatic behavior approaching an equivalent line heat conduction mode. For this reason, the subregion was located near the center of the scan pattern to reduce the influence of edge effects, and slightly farther from the bottom of the scan pattern to minimize the effect of the initial conditions. Note that the heat conduction models are both fundamentally three dimensional, but data was only extracted from the x-y plane at the surface (z = 0). The data taken from the subregion was col-lected at a resolution of 5 m in the x-direction and 6 m in the y-direction. All simulations were performed with a time step of 0.2 ms and parallelized on 32 cores.
To encompass the two heat conduction regimes, a wide range of process conditions was examined. Based on Equation 8, the absorbed power is the simplest parameter to vary as it is expected to have a direct, linear influence on the transition between solidification regimes. A range of absorbed power from 100 to 1000 W in 50-W increments was applied for each of a large number of combinations of other input parameters. The levels for line length, hatch spacing, preheat temperature, beam velocity, and alloy are shown in Table 1 . Every permutation of these combinations of input parameters was considered, resulting in a total of 2736 simulations. The three selected alloy systems, IN718, SS316, and Ti-6Al-4V, are common additively manufactured alloys. The thermophysical properties used for each are given in Table 2 . The present analysis does not consider alloys, such as aluminum, that have very high thermal diffusivities and low laser absorption. In these cases, the power input required for full transition to a quasistatic line source regime does not fall within a practical operating range.
The output of interest from each case is the average solidification velocity within the subregion outlined in Fig. 1 . The reason for the selection of this quantity is the solidification velocity is expected to be intimately linked to the heat conduction regime. For the quasistatic point source condition, the maximum solidification velocity is equal to the beam velocity (Ref. 30 ). However, as the line source quasistatic condition is approached, the solidification velocity is . Therefore, the ratio of the average solidification velocity to the transverse hatch velocity may be used as an indicator of the solidification regime. The solidification velocity is extracted at each point from the transient semianalytical heat conduction solution at the time that the point decreases from above the liquidus temperature of the alloy to below. The thermal gradient components in each direction are first calculated at this time by analytically taking the partial derivatives of Equation 1. The cooling rate, T, is then calculated using a linear approximation of the temperature history. The local solid-liquid interface velocity, V s , may then be calculated This procedure was performed for each point within the selected subregion, and the average solidification velocity, V s,avg , was calculated.
Results
To demonstrate the transition between heat conduction regimes, an example using SS316 at three different absorbed power levels is shown in Fig. 2 . The linear beam velocity was 1.5 m/s, with a 0.2-mm hatch spacing, 5-mm line length, and ambient preheat temperature. The transient thermal field is shown at 0.0965 s into the scan pattern when the beam is just completing a scan in the positive x-direction at y = 5.8 mm. The transient liquidus isotherm is shown in black, and the quasistatic line source liquidus isotherm is shown by a dashed blue line.
For an absorbed power of 100 W,  n = 2 = 0.208, and the melt pool is small and roughly elliptical, equivalent to the thermal field under quasistatic point source conditions. Here, the computed thermal field for the equivalent quasistatic line heat source does not exceed the liquidus temperature, so it does not predict any melt pool formation at all. At an absorbed power of 500 W, the nondimensional temperature is slightly larger than one,  n = 2 = 1.04. The result is an oblong melt pool that wraps around the left corner of the raster pattern. This situation results in a highly transient melt pool motion that is clearly not consistent with a quasistatic point source. The quasistatic line source approximation roughly predicts a similar size of the melt pool, but does not capture the transient pool motion as the beam changes directions, so the shape does not accurately represent the melt pool behavior.
At 1000 W of absorbed power,  n = 2 = 2.08, and the melt pool is now very large compared to the hatch spacing. In this case, the quasistatic line source approximation predicts a melt pool shape that is almost perfectly coincident with the transient melt pool prediction. The melt pool shape only deviates from the quasistatic line source at the upper-right corner, which is the instantaneous location of the heat source in this example. Here, the heat very near the center of the beam has not had time yet to diffuse over the hatch spacing. As can be seen at the opposing left edge of the melt pool, the pool shape quickly approaches the line source approximation with increasing time after the beam has visited a specific location. Note that a similar phenomenon is present for the lower power cases at isotherms below the liquidus temperature. The average solidification velocity under these conditions is expected to approach the hatch velocity (Equation 4 ), as the quasistatic evolution of the thermal field will closely follow the velocity of the equivalent line source.
The average solidification velocity within the subregion shown in Fig. 3 was recorded for each of the cases described in the test case section. These velocities, each normalized by the hatch velocity, are plotted as a function of the nondimensional temperature in Equation 8 with n = 2. For values of  n = 2 < 1, there is significant scatter between cases. However, generally, the normalized velocity initially decreases with increasing power and increasing nondimensional temperature, but then reaches a local minimum and begins increasing at approximately a value of  n = 2 = 0.5. This upward trend continues until the value of  n = 2 exceeds unity, where the normalized average solidification velocity quickly con-
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verges to one for all cases as the solidification velocity approaches the transverse hatch velocity. When the normalized average solidification velocity is equal to the hatch velocity, it may be concluded that the solidification conditions have transitioned to a new quasistatic regime that can be reasonably approximated by an equivalent line source.  n = 2 = 1 may, therefore, be used as a condition that delineates these two regimes.
Discussion
The general trends in the normalized solidification velocity as a function of the nondimensional temperature may be understood in terms of variation in the melt pool behavior by isolating a single case and examining the details of the melt pool shape as a function of only the applied power. The same case shown in Fig. 2 was selected, with the variation in the solidification velocity and selected melt pool shapes shown in Fig. 4 . For absorbed powers ranging from 100 to 150 W, a quasistatic point source regime is established and the normalized solidification velocity decreases with increased absorbed power. As the melt pool length increases within this regime, the angle between the solid-liquid interface and the beam travel direction becomes increasingly severe, tending to decrease the local solidification velocity (Ref. 31 ). However, once the melt pool length becomes longer than half the line length of the raster pattern (indicated relative to the melt pool contour by a vertical dashed line), the solidification behavior is influenced by the transient scan pattern effects and the normalized average velocity begins to increase. This reversal occurs due to the influence of the heat conduction from the previous scan line causing the trailing edge of the melt pool to become increasingly rounded (rather than tear-drop shaped). The angle between the melt pool boundary and beam travel direction begins to decrease, causing an increase in the solid-liquid interface velocity. The increasing trend continues until approximately 400 W, when the melt pool length begins to exceed the line length of the scan pattern. The transient behavior of the melt pool begins to transition to a line-like behavior, and the solidification velocity quickly decreases to approach the transverse hatch velocity. By 750 W, the quasistatic line source regime is fully established and the normalized average solidification velocity is equal to one.
As shown in Fig. 4 , this pattern of melt pool behavior clearly establishes three separate solidification regimes. The first, at low values of the nondimensional temperature, corresponds to the quasistatic behavior of a point heat source moving at v b . Roughly in the range of 0.5 <  n = 2 < 1.5, the melt pool behavior is highly transient. Within this region, the transient behavior may be further subdivided into pointlike and line-like categories on either side of  n = 2 = 1. Finally, for  n = 2 > 1.5, the heat transfer conditions may be well approximated by a quasistatic line source moving at v h .
Given Equation 8 may be successfully used to determine the transition between point and line heat source conduction regimes, it is interesting to consider the dominant features of this relationship. First of all, it is clear that more than simply the heat source power and velocity control the thermal behavior of the system. The line length, hatch spacing, and preheat temperature all contribute as well. It is important to note that the line length is often dependent on the part geometry, meaning the heat conduction regime present during processing may vary as a function of geometric features. This finding is consistent with experimental observations of The relative influence of each input parameter may be compared by considering the functional form of Equation 8 , and simply visualized by varying each input by some fraction around a mean value and plotting the resulting change in the nondimensional temperature. The central test case is the same as shown in Fig. 2A with an absorbed power of 500 W. This case was used as the nondimensional temperature was very close to one, showing it is on the verge of transitioning between solidification regimes. For visualizing the functional relationships, each of a set of input parameters was varied by ±50% its mean value and the resulting nondimensional temperatures were calculated as shown in Fig. 5A .
As can be seen from Equation 8 and Fig. 5 , the absorbed power and preheat temperature have a direct influence on the nondimensional temperature, while the liquidus temperature and hatch spacing show an inverse dependence, and the beam velocity, line length, and thermal diffusivity exhibit an inverse square root relationship. The absorbed power is clearly a dominant factor in the transition between conduction regimes. However, it is also very interesting to note the line length, which depends on the geometry and scan pattern, is just as important as the thermal diffusivity of the material. Furthermore, the hatch spacing has an even greater influence. Perhaps counterintuitively, an increase in beam velocity decreases the nondimensional temperature, but this effect may be understood as having a greater influence on narrowing the width of the melt pool than increasing the length of the melt pool under conditions of constant power. However, understanding the behavior of the variables in Equation 8 in isolation is not sufficient, as they interact depending on the processing window for a particular alloy within a specific process. For the three alloys considered here, common process characteristics were pulled from the literature, and are summarized in Table 3 . IN718 and Ti-6Al-4V are commonly processed using both laser powder bed fusion (LPBF) and selective electron beam melting (EBM) technologies, so both are included. The value of  n = 2 as a function of line length is given in Fig. 5B for these five cases. The results show that owing to the high preheats, velocities, and power absorption for EBM processing, for IN718 and Ti-6Al-4V, the transient regime is approached for line lengths in the range 0.5-1.0 mm. The low thermal diffusivity of Ti-6Al-4V also causes the transition to occur for short line length in laser processing. On the other hand, laser processing of IN718 and SS316 are not particularly susceptible to this phenomenon. These effects have important implications for thin wall structures and geometries with sharp corners.
Finally, while the present approach does help explain certain experimental observations and provides a simple means of understanding solidification regimes for welding and additive manufacturing, its application is limited by several of the underlying assumptions that must be understood for proper interpretation of the results. First, the underlying mathematical solutions for both the transient heat conduction and quasistatic line source neglect nonlinear effects such as temperature-dependent properties, latent heat release, and vaporization. Recent work on similar analytical approaches has shown that reasonable solutions are still obtained under these assumptions (Ref. 24). In addition, the engineering value of the present work is derived from the simplicity of Equation 8, which can only be arrived at under these approximations, is intended to be used as a simple metric for understanding process characteristics. The present analysis also neglects lag time between laser passes that is often used in practical situations to avoid development of transient keyhole porosity at the edges of the scan pattern. The analysis may be simply modified to account for this situation by a suitable reduction in the line source power and effective velocity, but is expected to lose some accuracy. Lastly, detailed experimental validation of this approach is still required. Ideally, high-speed infrared thermography of melt pool behavior for various process parameter and geometry combinations for several alloys would allow for a detailed understanding of the variations in solidification regimes. However, it is also acknowledged that proper analysis and interpretation of such data is a significant challenge (Ref. 36 ).
Conclusions
It was demonstrated that under appropriate conditions, heat conduction and solidification in additive manufacturing may transition from a quasistatic point source regime to a quasistatic line source regime. This transition carries with it a dramatic change in the solidification conditions that helps to explain observed localized variations in microstruc-ture during processing. A simple closed-form analytical expression was derived to approximate the conditions under which the thermal behavior transitions between these two regimes. A transient semianalytical heat conduction model was used to test a total of 2736 combinations of process conditions and material properties. The results showed that the simple analytical expression accurately predicts the transition between these two regimes and defines the region of highly transient behavior between them. The functional form of this expression showed the line length and preheat temperature have a linear, direct influence on this transition, while the liquidus temperature and hatch spacing show an inverse dependence, and the line length, thermal diffusivity, and linear beam velocity exhibit an inverse square root relationship. This simple nondimensional quantity is, therefore, proposed as a criterion for aiding in the optimization of scan patterns and process parameters to account for variations in geometry.
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